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Abstract. A non-translationally invariant spherical model, in which only a finite number of
spins interact, is solved exactly. The model exhibits a phase transition in a non-zero uniform
field, without spontaneous magnetization. The anomalous transition is attributed to the
finite number of interacting spins taking on abnormally large values of order N'/2 without
contributing to the magnetization. The free energy of the model can be obtained from a
spherical limit (r - o) of a corresponding n-vector model. In zero field the free energy is of
the Curie-Weiss (or mean-field) spherical form. The Curie-Weiss form can only be
maintained in a field by admitting a non-uniform field of order N/, This modified spherical
model is also accessible from an n —» oo limit of a corresponding n-vector model.

1. Introduction and summary

In treating the spherical model (Berlin and Kac 1952) it has become customary (Joyce
1972) to assume translationally invariant interactions. In this paper we solve a non-
translationally invariant spherical model exactly. The solution allows a direct study of
the resulting anomalous phase transition.

The model consists of a set of N spherical spins ~c0<x, <00,i=1,2,..., N, with
the non-translationally invariant interaction energy

H=— Y pyxx;— HZx,, 2<k<N (1.1)

Isi<j=k i=1

where k is a fixed integer and the spins are subject to the spherical constraint

Ii x2=N. (1.2)

i=1

The partition function is (8 = 1/kgT)

ZN(B’H)'—'AI:’IJ’ Id X exp 2B i PyXX; +BH§ xi)a (1.3)
ij=1 i=1

Z,- 1 x. =N
where we have set p; = p;; and p; =0. The normalization constant is given by

An=Q2m)N2NNV2T(N/2) (1.4)
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572 P A Pearce and CJ Thompson
and for later use we note that by Stirling’s formula

lim N"'ln Ay =(In 27 +1)/2. (1.5)
N->co
For definiteness in our calculation we will restrict ourselves to the ferromagnetic
case (p; = 0) with p a cyclic k X k matrix. The maximum eigenvalue A, of p is then given
by

k
)\1= Zl p,'] (16)
7=

independent of the value of i.

The case k =2, H=0 of (1.1) was discussed by Lieb and Thompson (1969), who
showed that the free energy is identical to that of the Curie~Weiss (or mean-field)
spherical model, in which all spins interact equally with one another. We show that this
is not the case for the model (1.1) in non-zero field (H # 0).

The motivation for considering the model (1.1) comes from a recent paper (Pearce
and Thompson 1976), in which we made an incomplete comparison with the corres-
ponding n-vector model in the spherical limit (n - c0). The main result of this previous
paper was that the free energy ¢, of a certain anisotropic n-vector model is equal to the
Curie—Weiss spherical model free energy in the spherical limit (n - 00). To be more
precise, we introduce the n-vector model defined by the Hamiltonian

Ho==Y T pSuSa-/k)H 3 TS, (1.7)

a=1l1=si<jsN a=11=1

and partition function

oxe. i =™ - [ expi-potas 1.9
ISi=n'’?

where the n-dimensional spins have norm
& 22 n
Isi=( £ s2) " =n2 (19)
Our previous result can now be stated as

lim By, (B, H)=— lim (Nn)™'In QXB, H)

n->oo Nn—»o

(k fixed)
=min fvr’ —(1+42%)">+ 1 +Inf[1+(1+423) 2]} (1.10)
r=0
where
=pr+BH, (1.11)
and
. 1 X
v=B}\111mN— Y. py <. (1.12)
00 n7=1

Here p is an N X N matrix, assumed to be cyclic.
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In zero field (1.10) reduces to the free energy of the Lieb and Thompson (1969)
model,

lith,l/,,(B,O)={i(_V+1+lnv) v>1 (1.13)

n-oo O 1/<1,

in accord with the observed equivalence (Hikami 1974) of this model and the corres-
ponding limiting anisotropic n-vector model. In the present context of non-zero field it
is important to stress that, following Moore et al (1974), an anisotropic field was
considered in our previous paper (i.e. in (1.7)). This necessitated taking the external
field H of order n'/* to achieve a field contribution to the free energy. Here we show
that if the allied, and perhaps more natural, n-vector Hamiltonian

3 n N
%n =- Z 2 pl}SlaS}a -H Z Z Sim (114)

a=11lsi<ysN a=1:=1

with an isotropic field, is considered in place of (1.7), then the pathological spherical
model (1.1) obtains in the spherical limit (n — 00). It follows as a consequence that some
care must be exercised in proceeding to the spherical limit (n »c0) for systems with
anisotropic interactions,

In summary, the thermodynamic quantities for model (1.1) are obtained in § 2. We
find that, under the assumed conditions on p, the free energy (8, H) and the
magnetization m(B3, H) are given respectively by

~BYB, H)= lim N'In Zy(B, H)=1lz,~In z,~ 1+ (8°H’/2))] (1.15)

(k fixed)
and

__%¥ _BH

m(B, H)=—-—7= 2. (1.16)

where
+G+B’HY)'? T>TJ(H)
(B, H) = {2 4 c .

z(8, H) BA, T<T.(H. (1.17)
The critical temperature T.(H) is found to depend on the field according to

kT H)=A,—H?/A,, [H|<A;. (1.18)

When [H|= A, there is no phase transition.

In order to elucidate the pathological nature of the phase transition we investigate
various order parameters in § 3. In particular, it is shown that the singular free energy
without spontaneous magnetization (from (1.16)) is due to the fact that the single spin
averages (x,) in the ‘low-temperature’ region are of order N'/*for 1 <i < k and of order
unity for k +1=<i< N, while all are of order unity in the high-temperature region: the
shift to order N'/? values reflecting singular behaviour without contributing to the
spontaneous magnetization.

Finally, contact is made with the n-vector model in § 4, where we show that the free
energy (1.15), of the anisotropic spherical model (1.1), can be obtained from the
anisotropic n-vector model (1.14) in the spherical limit (n >c0). To complete the
identification of limiting n-vector models with spherical models, we further show that
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the limiting free energy (1.10) of the anisotropic n-vector model (1.7) with an
anisotropic field is obtained from the anisotropic spherical model with interaction
energy

k
%I=.— Z pi]'xixj_(N/k)l/zH Z Xy (119)
=<k i=1

lsi<y=<

by admitting a field, dependent on the number of spins N, and acting only on the k
interacting spins.
2. The thermodynamic functions

To evaluate the partition function (1.3) we write the spherical constraint as a § function
in the integrand to obtain

o @ N k N
Zn(B, H)=2N"2AR} J’ e J’ de6< y x,z—N) exp(%ﬁ Y pxx;+BH Y, x,>.
— =1 =1 =1

2.1
Using the integral representation
1 ico
5(x) =—-,J exp(—sx) ds (2.2)
2 —joo
for the & function we then obtain (Berlin and Kac 1952)
2N1/2A—-l @ +ico
ZN(B,H)=——2;i—”I _ exp(Ns)Qx (B, H; 5) ds (2.3)
where
© © N N y 1 k N
On(B, H;s)=I J‘ d xexp(—s Y xi+3B Y pyxx;+BH Y x,-) 2.4
- -0 i=1 ij=1 i=1

and e is taken large enough so that the contour in (2.3) is to the right of all singularities
of ON(Ba H’ S)-

The auxiliary function Qn(B, H; s) is the mean-spherical partition function. Direct
evaluation yields

On(B, i 5) = (mf5) N )12 2N 00/

X f; .. J’m d*x exp(— il (s8; —3Bpy)xx, + BH 21 x,-) (2.5)

—© ij=

N2 ~N=R)/2 T (o _1py \-1/2 1a2pp2 K N-k
s I (s=38A) 7" exp| 4B°H —5—+ (2.6)
r=1 S—EB/‘I S

provided
Re s >3BA;. 2.7

Here A, are the k eigenvalues of the matrix p introduced by the diagonalization of the
quadratic form in the exponent of (2.5).
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The integral (2.3) can now be evaluated by the method of steepest descents (Berlin
and Kac 1952) giving for the free energy (see (1.5))

~By(B, H)= lim N™'In Zy(B, H) (2.8)
N
2172
=%(zs—1n z—1 +BZH ) 2.9
where the saddle point s =3z, is determined from
1 B*H?
1=—+210 _
Z. 22 (2.10)
that is,
2B, H)=3+G+B°H?)'2. (2.11)

The function Qx(B, H; s) is only analytic in the complex plane cut from the branch
point s =38, to s = —0, so the above saddle point method is only valid if the saddle
point occurs to the right of the branch point, i.e.,

z,(B, H) > BA;. (2.12)
This inequality is satisfied if
H|>A, (2.13)
or
B<BuH) = (2.14)
A—H

This ‘high-temperature’ region is separated from the ‘low-temperature’ region in the
temperature-field plane by the critical curve

H2
kBTc(Iﬂ:AI_A_ (H|<Ay). (2.15)
1
In the ‘low-temperature’ region,
A
B>BH)=z—m  HI<A, (2.16)
we must evaluate a contour integral. The integral to consider is
2N1/2A—1 a+ico s
__#J eNsﬂ_N/Zs—N/Z(S_%V)—l/Z eNB/4s ¢ 2.17)
N2L(N/2) [N 252
=——-5L—/—)J e*(z —3uN) /2 N2 gN?B2 4z 4, (2.18)
1 aN—ico

where we have set v = BA;, B = BH and z = Ns. This integral can be evaluated by using
the inverse Laplace transforms (Erdélyi 1954):

_1—J‘zo+‘°° tz _ -1/2 — -1/2 _at
=t e“(z—a) dz = (m) e, (2.19)
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and

ZLJ T empmen e gy = 7', _i(at'?)/ Gat P, u>0. (2.20)
(2 P

Here I, is a modified Bessel function of order u. By the convolution formula the
integral (2.18) becomes

(N/m)Y’T(N/2) f [(1—1) /2 NUDAN=IL o (NBEY?)/GNBr /2N dr (2.21)

This integral can now be evaluated by Laplace’s method. We have the asymptotic
formula (Pearce and Thompson 1976)

T(N/2)I,n-1(Nz)/GNz)N ™!

~exp[N/2{(1+4z5) 2 =1-In {1+ (1+4z)"?}] as N - oo,
(2.22)

Hence we conclude that

—B¥(B, H)= lim N~ In Zy(B, H)

N->x©

= max fr(1-0)+Int+(1+48°H*1)*~ 1 -Inf3{1+ (1 +48°H’t) ' *]}].
O=t=<1
(2.23)

For v <i+G+B?H*Y? that is in the ‘high-temperature’ region, the maximum
occurs for ¢t = 1 so that the solution (2.23) is easily seen to reduce to the normal saddle
point solution given by (2.9) and (2.11). In the ‘low-temperature’ region, v >
$+(G+B2H?'?, the maximum occurs when

t=w+B*H?/v? (2.24)
and consequently
2772
~Bu(8, H)=H(v—tnv-1+E1), (2.25)

Comparison with (2.9) and (2.12) shows that the solution (2.25) can be interpreted as
arising from the ‘sticking’ of the saddle point at z,= v =BA; in the ‘low-temperature’
region. Itis precisely this ‘sticking’ of the saddle point that is responsible for the break in
analyticity of the free energy on the critical curve given by (2.15).

To evaluate the remaining thermodynamic functions, we hold the temperature fixed
and write

2
_Bw(zsy B)=%(Zs_1n zs_1+§_s) (226)
with
_[3+G+BH? T>T.(H)
z{(B)= {V T<T.(H). (2.27)
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The magnetization is now given by

_d _ 9 KB dzS {B/zs T>T.(H)
miz. B)= 350 =5 (U= E={ " T 229
and the susceptibility by
d om omd l——Bz— T>T.(H)
x(zs,B)—d:; ag+am d; {zs z.G+B)"? ¢ (2.29)
Zs 1/v T< T(H).

In particular, we remark that there is no spontaneous magnetization and that the
susceptibility remains finite with a simple jump discontinuity across the critical curve,
except at the ‘Curie point’, H =0, kg T = A, where it has a cusp.

3. Order parameters

The usual thermodynamic functions are not very illuminating as to the mechanism of
the phase transition. To elucidate the matter, we will investigate the order of magnitude
of the spins as N > 0.

We compute {x,) and begin by noting that, since p is a cyclic matrix,

k
<xt>_ <Z z>a 1$l$k (31)
=1
Next, we introduce the auxiliary function
O~(B, H, H';5)
0 a© N
=J J deexp< Zx +38 Z PiXiX, +BH’Zx+BH Y x,-)
—0 - 1,ji=1 i=k+1
~v-ky/2 T - k(BH')’ I32H2(N—k)>
— N/2_—(N-k)/2 1 1/2
_ ) exg |
T rI;II (s =3BA,)"" exp 4(s—%BA1)+ 4s (3.2)
Clearly from (2.3) we can now write
k
Zu H 3. %)
2N1/2A;11 a+100 ~s L 1 )
- i ico dse k a(BH/)QN(ﬂaH H, S) . (33)
ZNI/ZAI—VI a+100 Ne BH
e dse mON(ﬁ, H;s). (3.4)

In proceeding some care must be exercized. The contour integral to be considered
now is

2A—1 @ +100
N — - _1
_ZFJ ds eNsTrN/2s N/Z(s_%v) " eNBz/4s esz/4(s iv) (3'5)
@ —100

=£_;I;£iﬂ J‘a . i dz e*(z —3uN) ™ e*NBY4G=1vN) , =N/2 (N2B2/4z (3 )

w=
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Again by the convolution formula and the inverse Laplace transform (2.20) we have
1
T, = N*7*T(N/2) J de etV
0

a1 Iu—l((kNBz)l/z(l ) IN-1 I%N—I(NBtl/z)

xX(1-1) A(kNB? 2 (1= 1) 731 (%NBtl/z);N-l-

(3.7
Laplace’s method can now be applied to this integral as before, only now we need the
asymptotic formula (Abramowitz and Stegun 1964)

L(NY?z)~Q2uN"?z) 12 N2 as N- o, (3.8)

for the first modified Bessel function in (3.7).
Returning to (3.1), (3.2) and (3.4) we see that

T B 2
TTZ 2 gy )",

{x,)= 1=si<k, (3.9)

where the critical value of ¢ is given, as found previously, by

_[1 T>T.(H)
0= {(V+/32H2)/V2 T < T.(H). (3.10)
We conclude that for 1si<k
0 T>TJ(H)
lim N"V3x)={ , 22\ (3.11)
] — /2
i <%‘VTB‘£> sgn H T<T.(H).

It is now clear that the phase transition is characterized by the finite number of
interacting spins taking on abnormally large values of order N'/? below the critical
temperature. Notwithstanding the magnetization is entirely due to non-interacting
spins since from (2.28)

! <1§ > 3.12
= lm gl i .1
d N> Nl'=1x ( )
—Illiloﬁg (x)+l£1:120 ~ (x} >k
= lim (x), i>k. (3.13)

N-»co

The non-interacting spins are clearly of order unity as N - oo,

The failure of the k interacting spins to contribute to the magnetization explains
the absence of spontaneous magnetization in the model (1.1). Notice, however for
Ilsisk,

0 T>T,L0)
[1-(1/v)]"? T<T.,(0)

breaking the zero-field symmetry. The order of taking the limits here cannot be
interchanged.

lim lim (k/N)"*(x;)= {

H-0" N>

(3.14)



Non-translationally invariant spherical model solution 579

Although the result (3.14) is reminiscent of spontaneous magnetization, it is not
connected in any way to the analyticity of the free energy (8, H). It does, however,
provide a clue on how to rig the field terms to recover the Curie-Weiss free energy,
thereby making contact with the n - oo limit of the anisotropic n-vector model (1.7).
This will be pursued in the next section after first identifying the anisotropic spherical
model (1.1) as a limiting n-vector model.

4. The spherical limit

The limiting free energy for the n-vector model,
n N
H,=— Z Z PySiaSia —H Z Z Siaes 4.1)
a=11<i<jsN a=1i=1

can be obtained by a trivial extension of the analysis of Pearce and Thompson (1976).
The result is

lim By, (8, H)=min {yr*—(1+4z)">+1+In 1+ (1 +42%)V?]] 4.2)
h->c0 r=0
where

z=0r*+p*HY)2, (4.3)

The form of the free energy (4.2) is exactly the same as that found in the anisotropic
field case (1.10). The local field z, however, is given, according to the extended analysis,
by

= lim |jvar+n""?8H]| (4.4)

N,n>c0

where the k-vector r is the projection of the magnetization onto k -space, the n-vector
field H is given by

H=(HH,..  H (4.5)
and (cf (1.12))

N
lim vy = lim BN} Z pi =v. (4.6)

N-ow N-> ij=1

Hence (cf (1.11))

k n
z = lim ( Y (o +n"VBHY 407 Y 32H2)1/2 4.7)
n—-> ‘a=1 a=k+1
= (VY|rF+ B2H??=(v2r* + B2HA) 2, (4.8)

This formula can be interpreted as saying that for large n the external field in (4.1) is
essentially transverse.

The minimum in (4.2) is evaluated straightforwardly. For v >1+(G+82H?)"? the
minimum occurs for vr = (v?—v —B*H?*"?, For v <i+(+B2H*"? the minimum is
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attained at r = 0. It follows that

lim Bu, (8. H) z{%[l— v+Inv—(B°H*/v)] y>1+ ¢+ p2HHY?
o -G+ HY 2+l GHEPHY)Y] v <i+GHBTHD)'
4.9)
With the correspondence v = BA, it is now easily seen that
,{T; ¥.(B, H)=y/(B, H) (4.10)

with ¢ (B, H) given by (1.15) and (1.17). This establishes that the spherical model (1.1)
and the n-vector model (4.1) are thermodynamically equivalent in the limit N, n > cC
(k fixed).

It remains to be shown that the n-vector model (1.7), with an anisotropic field, is
thermodynamically equivalent in the spherical limit to the spherical model defined by

1=ij<k i

k
¥H' =— Z p,'jx,Xj_(N/k)l/zH X, (4'11)
=1

To calculate the partition function of this anisotropic spherical model we follow Lieb
and Thompson (1969) and first integrate over the variables x; .1, Xi+2, . . ., X5 We then
introduce y, = N"'x,fori =1,2, ..., k, so that for the purposes of calculating the free
energy we can take

k k
Z&:J‘ Ce J dy;...dyx exp{N[B ) Pi,'xxx,+k_1/2B y y,+%ln(l— Y )’12)]}
I=<i<j=k i=1 i=1

2f=1y‘251
(4.12)
Here Laplace’s method can be applied directly yielding
—By' = lim N 'In Z}
N>
1 k -1/2 K 1 . 2
= max ) 3B leu))iyj+k B Zl yi+zln<1—21yi) (4.13)
IR 1,]= i= i=
= max [2BA,r>+Br+3iIn(1-r%)]. (4.14)
O=sr=1
This last step follows from the inequalities
k k 2
Zl pi]yXYJS/\I 'Zl yi (415)
L= i=
and
—172 § A
KL=\ L vi) (4.16)

and the observation that the equalities hold if and only if all the y, are equal.
The maximum in (4.14) occurs for r a solution of the stationary equation (v = A,)

vr*+Br’+(1-v)r—-B=0. 4.17)

This is precisely the equation determining r in the limiting n-vector free energy (1.10).
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Moreover, writing this equation as
yr+B=r/(1-r% (4.18)

it is readily seen that there is exactly one positive root and that this root occurs in the
range 0<r=1. It is now straightforward to show that

max [Fvr’+Br+1in(1-r%)]

O=r=1
= max [’ 1+(1+42z9)"* - In§3[1+(1+42)"?]}] (4.19)
O=r=<1l
with
=yr+B, (4.20)
by using the equation (cf (4.18))
r’z+r-z=0. (4.21)

This establishes that the free energy of the spherical model (4.11) is of the required
limiting n-vector form given by (1.10) and (1.11).
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